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nksgjh uhfM+r vkaf'kd :i ls larqfyr viw.kZ [k.M vfHkdYiukvksa ds fuekZ.k

usgkrkbZ okeujko vxk'k s1]2] fluh oxhZl1] fouk;dk1]2] eksgEen gk#u1* nsosUæ dqekj1

lkjka”k
i"̀VHkwfe% nksgjh uhfM+r vkaf'kd :i ls larqfyr viw.kZ [k.M ¼DNPBIB½ vfHkdYiuk dks [k.M dh rhu ç.kkfy;ksa] ftlesa v mipkjksa esa ls
çR;sd dks r ckj nksgjk, tkus dh O;oLFkk ds :i esa ifjHkkf"kr fd;k x;k gS] ;fn igyh ç.kkyh ds çR;sd [k.M esa nwljh ç.kkyh ds m1

[k.M gksrs gSa vkSj nwljh ç.kkyh ds çR;sd [k.M esa] rhljh ç.kkyh ds m2 [k.M lfEefyr gksrs gSaA DNPBIB vfHkdYiuk dk çR;sd pj.k]
Lora= :i ls O;ogkj dh xbZ] ,d vkaf'kd :i ls larqfyr viw.kZ [k.M ¼PBIB½ vfHkdYiuk gSA
fof/k;k¡% rhu ?kVd vfHkdYiuk vFkkZr] ¼i½ [k.Mksa dh igyh vkSj nwljh ç.kkyh dks vuns[kk djrs gq,] çR;sd vkdkj  k3 ¼< v½ bdkb;ksa ds b3
[k.Mksa ds lkFk ,d PBIB vfHkdYiuk]  3i mipkjksa dh fdlh Hkh tksM+h dh lgefr tks çR;sd ds ith lg;ksxh gSa] ¼ii½ [k.Mksa dh igyh vkSj rhljh
ç.kkyh dks vuns[kk djrs gq,] çR;sd vkdkj k2 ¼< v½ bdkb;ksa ds b2 [k.Mksa ds lkFk ,d vkSj PBIB vfHkdYiuk ftlesa 3i nks mipkjksa dh lgefr
gS tks ,d nwljs ds lg;ksxh gSa ,oa ¼iii½ nwljs vkSj rhljs [k.Mksa dh ç.kkyh dks vuns[kk djrs gq,] çR;sd vkdkj dh k1 ¼< v½ bdkb;ksa ds b1
[k.M ds lkFk ,d rhljh PBIB vfHkdYiuk] ,d nwljs ds igys lg;ksxh ds Hkhrj nks mipkjksa dh 1i lgefr çkIr dh tkrh gS A
ifj.kke% ;g v/;;u DNPBIB vfHkdYiuk ds fuekZ.k dh nks ubZ lkekU; fof/k;k¡ çnku djrk gS] tgka ?kVd vfHkdYiuk nks ;k rhu lg;ksxh
oxksaZ ds lkFk PBIB vfHkdYiuk gksrh gSaA ,slh vfHkdYiuk fodflr djus ds fy, lewg foHkkT; vkSj vk;rkdkj la?k ;kstukvksa dk mi;ksx
fd;k x;k gSA fof/k;ksa dks mi;qä mnkgj.kksa ds lkFk n'kkZ;k x;k gSA

“kCn dqath% n{krk] lewg foHkkT; la?k ;kstuk] vkaf'kd :i ls larqfyr viw.kZ [k.M vfHkdYiuk] vk;rkdkj la?k ;kstukA
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ABSTRACT
Background: A doubly nested partially balanced incomplete block (DNPBIB) design is defined as an arrangement of v treatments
each replicated r times in three systems of blocks if, each block of the first system contains m1 blocks of second system and each
block of the second system contains m2 blocks of the third system. Each stage of DNPBIB design, treated independently, is a PBIB design.
Methods: Three component designs viz., (i) ignoring the first and second system of blocks, a PBIB design with b3 blocks each of
size k3 (< v) units with, 3i concurrences of any pair of treatments which are ith associates of each other, (ii) ignoring first and third
system of blocks, another PBIB design with b2 blocks each of size k2(< v) units with 3i concurrence of two treatments which are ith
associates of each other and (iii) ignoring the second and third system of blocks, a third PBIB design with b1 block each of size k1
(< v) units with, 1i concurrences of two treatments within first associate of each other, are obtained.
Result: This study provides two new general methods of constructing DNPBIB designs, where the component designs are PBIB
designs with two or three associate classes. Group divisible and rectangular association schemes have been used for developing
such designs. Methods are illustrated with appropriate examples.
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ifjp;
oSKkfud ijh{k.kksa dh lkaf[;dh; vfHkdYiuk esa /;ku esa j[kh
tkus okyh lcls egRoiw.kZ leL;k ijh{k.kkRed lkefxz;ksa esa
fofo/krk gS A ;fn fdlh ijh{k.k dh ;kstuk cukrs le; bl
ij Bhd ls fopkj ugha fd;k tk,] rks blls okLrfod mipkj
varj vLi"V gksus dh laHkkouk gS] tc rd fd mipkjksa dh
la[;k i;kZIr u gks] mudk irk yxkuk dfBu gksxkA dHkh&dHkh]
,d miæo dkjd mRiUu gksrk gS] tks ijh{k.kdrkZ ds fy,
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v#fpdj gksrs gq, Hkh ijh{k.kkRed lkexzh esa ifjorZu'khyrk
esa egRoiw.kZ ;ksxnku nsrk gSA [k.Mh;dj.k ,d ,slh rduhd
gS ftldk mi;ksx fdlh [k.M ds Hkhrj ijh{k.kkRed bdkb;ksa
dh ,d:irk çkIr djus ds fy, fd;k tkrk gS rkfd
var[kZ.Mh; tkudkjh dk mi;ksx djds mipkj fo"kerkvksa
dk vf/kd dq'kyrk ls vuqeku yxk;k tk ldsA lcls ljy
vkSj lcls vf/kd bLrseky dh tkus okyh [k.M vfHkdYiuk
,d ;k–fPNd iw.kZ [k.M ¼RCB½ vfHkdYiuk gSA ;k–fPNd
iw.kZ [k.M vfHkdYiuk lcls n{k vfHkdYiuk gS D;ksafd
mipkj fo"kerk ds lkFk&lkFk [k.M fo"kerk dk vuqeku
yxkus esa tkudkjh dh dksbZ gkfu ugha gksrh gSA ;|fi] tc
fdlh ijh{k.k esa mipkjksa dh la[;k c<+rh gS] rks ;k–fPNd
iw.kZ [k.M vfHkdYiuk ds [k.M cM+s gks tkrs gSa; vkSj [k.Mksa
ds Hkhrj ,d:irk cuk, j[kuk laHko ugha gks ikrk gSA ,slh
fLFkfr;ksa esa viw.kZ [k.M vfHkdYiukvksa dk ykHkçn :i ls
mi;ksx fd;k tk ldrk gS D;ksafd muds [k.M NksVs gksrs gSaA
viw.kZ [k.M vfHkdYiukvksa dh Js.kh esa] ;sV~l ¼1936½ }kjk nh
xbZ larqfyr viw.kZ [k.M vfHkdYiuk ¼BIB½ lcls ljy gSA
ysfdu çR;sd çkpyh; la;kstu ds fy, larqfyr viw.kZ [k.M
vfHkdYiuk miyC/k ugha gSA blds vfrfjä] Hkys gh fdlh
fn, x, mipkjksa dh la[;k ¼v½ vkSj [k.M vkdkj ¼k½ ds fy,
larqfyr viw.kZ [k.M vfHkdYiuk mifLFkr gks] blds fy,
cgqr vf/kd çfr—fr dh vko';drk gks ldrh gSA bl
leL;k dks nwj djus ds fy, cksl vkSj uk;j ¼1939½ us
f}pjh;] le&çfr—fr ,oa mfpr vfHkdYiukvksa dh ,d
Js.kh çLrqr dh] ftUgsa vkaf'kd :i ls larqfyr viw.kZ [k.M
vfHkdYiuk,¡ ¼PBIBD½ dgk tkrk gSA

uhfM+r [k.M vfHkdYiuk os [k.M vfHkdYiuk gksrh gSa
ftuesa [k.M dh nks ç.kkfy;k¡ gksrh gSa ftuesa [k.M dh nwljh
ç.kkyh igyh ç.kkyh ds Hkhrj uhfM+r gksrh gSA uhfM+r larqfyr
viw.kZ [k.M vfHkdYiuk ¼çhl] 1967½ vkSj uhfM+r vkaf'kd
:i ls larqfyr viw.kZ [k.M vfHkdYiuk ¼gksey ,oa j‚fcUlu]
1975½ uhfM+r [k.M vfHkdYiuk ds nks egRoiw.kZ oxZ cukrh gSaA

,slh fLFkfr mRiUu gks ldrh gS tc ijh{k.k lkexzh ds
mi&[k.M Lrj esa fHkUurk dk rhljk lzksr mifLFkr gks] ml
fLFkfr esa nksgjh uhfM+r [k.M vfHkdYiuk dk mi;ksx fd;k
tkrk gSA nksgjh uhfM+r [k.M vfHkdYiuk ,d [k.M vfHkdYiuk
gS ftlesa [k.Mh;dj.k dh rhu ç.kkfy;k¡ lfEefyr gksrh gSa]
ftlesa [k.Mh;dj.k dh igyh ç.kkyh dks nwljh ç.kkyh ds
Hkhrj uhfM+r fd;k tkrk gS vkSj [k.Mh;dj.k dh nwljh
ç.kkyh dks [k.Mh;dj.k dh rhljh ç.kkyh ds Hkhrj uhfM+r

fd;k tkrk gSA bl vfHkdYiuk dk mi;ksx fdlh ijh{k.k
dh ijh{k.kkRed lkexzh esa mifLFkr fHkUurk ds rhu lzksrksa dks
lekIr djus ds fy, fd;k tkrk gSA fuEufyf[kr dqN
ijh{k.kkRed fLFkfr;k¡ gSaA
mnkgj.k 1& dVkbZ mi& [k.M ds vuqlkj dh tkrh gS vkSj
çR;sd mi&[k.M ls ,df=r çfrn'kksaZ dk fofHkUu rduhf'k;uksa
}kjk ç;ksx'kkyk esa mudh lkexzh ds fy, fo'ys"k.k fd;k
tkuk gSA rduhf'k;uksa ds dkj.k fHkUurk dks fu;af=r djus ds
fy,] bls ,d vU; vojks/kd dkjd ds :i esa fy;k tk ldrk
gSA blfy, ,d mi&[k.M ds Hkhrj bdkb;ksa dks LFkkfir djus
dh vko';drk gks ldrh gS ¼eaMy bR;kfn] 2012½A
mnkgj.k 2& ,d vfHk;kaf=dh ijh{k.k esa] fofHkUu ihlus
okyh e'khuksa dh n{krk dk v/;;u djus ds fy, ijh{k.kkRed
lkexzh dks vyx&vyx okrkoj.kksa ds vuqlkj lewfgr fd;k tk
ldrk gS] vyx&vyx okrkoj.kksa dks vyx&vyx cSpksa ds
vuqlkj lewfgr fd;k tk ldrk gS vkSj vkxs vyx&vyx cSpksa
dks vyx&vyx v‚ijsVjksa ds vuqlkj lewgh—r fd;k tk ldrk
gSA ,slh ijh{k.kkRed fLFkfr;ksa ls fuiVus ds fy, nksgjh uhfM+r
[k.M vfHkdYiukvksa dk mi;ksx fd;k tkrk gS ¼eslu bR;kfn]
2003½ tgka fofo/krkvksa ds rhu lzksr gksrs gSa] fHkUurk ds rhljs
lzksr ¼mi&mi [k.M½ dks nwljs ¼mi& [k.M½ ds Hkhrj vkSj
nwljs dks igys ¼[k.M½ ds Hkhrj uhfM+r fd;k tkrk gSA

çhl ¼1967½ us uhfM+r larqfyr viw.kZ [k.M vfHkdYiuk
çLrqr dh vkSj uhfM+r larqfyr viw.kZ [k.M vfHkdYiukvksa dk
ijh{k.k vkSj =qfV lek/kku fn;kA gksesy ,oa j‚fcUlu ¼1975½
us uhfM+r larqfyr viw.kZ [k.M vfHkdYiukvksa dks ifjHkkf"kr
fd;k vkSj bu vfHkdYiukvksa ds fuekZ.k ds rjhds fn,A
ftEcks ,oa dqfjdh ¼1983½] Ms bR;kfn ¼1986½ us uhfM+r
larqfyr viw.kZ [k.M vfHkdYiukvksa ds fuekZ.k ds fy, lkekU;
rjhdksa dk ,d lsV fodflr fd;kA cuthZ ,oa dkxs;kek
¼1993½ vkSj lkgk bR;kfn ¼1998½ us uhfM+r larqfyr vkSj
vkaf'kd :i ls larqfyr viw.kZ [k.M vfHkdYiukvksa ds fuekZ.k
ds dqN O;ofLFkr rjhds çLrqr fd,A xqIrk ¼1993½ us ns[kk fd
uhfM+r [k.M vfHkdYiuk ds b"Vre ifj.kke dsoy mi&[k.M
vfHkdYiuk ds b"Vre ifj.kke ij fuHkZj FksA dkxs;kek
bR;kfn ¼1995½ us nksgjhdj.k dh rduhd dk mi;ksx djds
uhfM+r larqfyr viw.kZ [k.M vfHkdYiuk vkSj 2& lg;ksxh oxZ
uhfM+r larqfyr viw.kZ [k.M vfHkdYiuk çkIr djus dh dqN
çfØ;k,a nhaA fQfyi bR;kfn ¼1997½ us çfrcaf/kr nksgjhdj.k
dh rduhd dk mi;ksx djds nks lg;ksxh uhfM+r larqfyr
viw.kZ [k.M vfHkdYiukvksa dh vo/kkj.kk dks uhfM+r Vh&
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lg;ksxh vkaf'kd larqfyr viw.kZ [k.M vfHkdYiukvksa rd
foLrkfjr fd;k A lrifr ¼2001½ ,oa e‚xZu bR;kfn ¼2001½
us uhfM+r larqfyr viw.kZ [k.M vfHkdYiukvksa dh ,d foLrr̀
leh{kk çLrqr dh vkSj bu vfHkdYiukvksa dh lwph çnku dhA
lrifr ,oa çlkn ¼2004½ vkSj çlkn ¼2019½ us 2& vkSj
3&lg;ksxh oxZ uhfM+r larqfyr viw.kZ [k.M vfHkdYiukvksa
ds fuekZ.k ds dqN u, rjhds çkIr fd, vkSj uhfM+r larqfyr
viw.kZ [k.M vfHkdYiukvksa dh lwph çnku dhA nksgjh uhfM+r
larqfyr viw.kZ [k.M dh vo/kkj.kk çhl bR;kfn ¼1999½ }kjk
çLrqr dh xbZ FkhA eaMy bR;kfn ¼2012½ us nksgjh uhfM+r
larqfyr viw.kZ [k.M vfHkdYiuk çLrqr dh vkSj nksgjh uhfM+r
vkaf'kd :i ls larqfyr viw.kZ [k.M vfHkdYiuk ds fuekZ.k ds
dqN lkekU; rjhds fn,A

çLrqr v/;;u esa] nksgjh uhfM+r vkaf'kd :i ls larqfyr
viw.kZ [k.M vfHkdYiuk ds fuekZ.k dh nks fof/k;k¡ fodflr
dh xbZ  gSaA bu fof/k;ksa dks fuEufyf[kr vuqHkkx esa le>k;k
x;k gSA

e‚My ,oa ijh{k.kkRed foU;kl
ifjHkk"kk
nksgjh uhfM+r vkaf'kd :i ls larqfyr viw.kZ [k.M vfHkdYiuk dks
[k.M dh rhu ç.kkfy;ksa] ftlesa v mipkjksa esa ls çR;sd dks r ckj
nksgjk, tkus dh O;oLFkk ds :i esa ifjHkkf"kr fd;k tk ldrk
gS] ;fn
1- igyh ç.kkyh ds çR;sd [k.M esa nwljh ç.kkyh ds m1 [k.M
   gksrs gSa vkSj nwljh ç.kkyh ds çR;sd [k.M esa rhljh ç.kkyh
  ds m2 [k.M gksrs gSa]
2- ;fn ge [k.Mksa dh igyh vkSj nwljh ç.kkyh dks vuns[kk
   djrs gSa] rks ;g k bdkb;ksa ds vkdkj ds b3 [k.Mksa dh ,d
   vkaf'kd :i ls larqfyr viw.kZ [k.M vfHkdYiuk cukrh gS
   ftlesa mipkj ds fdlh Hkh tksM+s dh 3i lgefr gksrh gS
   tks ,d nwljs ds ios lg;ksxh gksrs gSaA
3- çhl bR;kfn ¼2012½ ds vuqlkj [k.Mksa dh igyh vkSj rhljh
  ç.kkyh dks vuns[kk djrs gq,] ;g nks mipkjksa dh 2i lgefr
  ds lkFk çR;sd vkdkj dh k2 bdkb;ksa okys b2 [k.Mksa ds lkFk
  ,d vkaf'kd :i ls larqfyr viw.kZ [k.M vfHkdYiuk cukrh
  gS tks ,d nwljs ds ios lg;ksxh gSa vkSj [k.Mksa dh nwljh vkSj
  rhljh ç.kkyh dks vuns[kk djrs gq,] ,d nwljs ds igys
  lg;ksxh ds Hkhrj nks mipkjksa dh 1i lgefr ds lkFk b1

  [k.Mksa] çR;sd ds k1 bdkb;ksa ds vkdkj dh ;g ,d vkaf'kd
  :i ls larqfyr viw.kZ [k.M vfHkdYiuk curh gSA

nksgjh uhfM+r larqfyr [k.M vfHkdYiuk e‚My
fuEufyf[kr fuf'pr çHkko e‚My ij fopkj fd;k tk ldrk gS%

tgka yij(j(j))u ios ¼i=1,2,…,v½ mipkj dks çkIr djrs gq, jos
¼i=1,2,…,v½ [k.M ds Hkhrj jos ¼j=1,2,…,qj½ mi&[k.M esa
jos ¼j=1,2,…,sj(i)½ mi& mi&[k.M ds vanj uhfM+r u oh
bdkbZ ij voyksdu dks n'kkZrk gS]  lkekU; ek/; gS] i, iok
mipkj çHkko gS] j jos [k.M dk çHkko gS] j(j) jos  [k.M ds
Hkhrj jos mi&[k.M dk çHkko gS] j(jj))] jos [k.M ds Hkhrj
uhfM+r jos mi&[k.M ds vanj uhfM+r j os mi& mi&[k.M
dk çHkko gS] j(jj))u =qfV in gS tks Lora= vkSj leku :i ls
'kwU; ek/; vkSj fLFkj 2 fopj.k  ds lkFk lkekU; forj.k dk
ikyu djrs gq, forfjr gSA

nksgjh uhfM+r vkaf'kd :i ls larqfyr viw.kZ
[k.M vfHkdYiukvksa gsrq lajpuk i)fr;k¡

bl vuqHkkx esa geus nksgjh uhfM+r vkaf'kd :i ls larqfyr viw.kZ [k.M
vfHkdYiukvksa ds fuekZ.k ds fy, ,d fof/k fodflr dh gSA
;g fof/k lewg foHkkT; lgp;Z ¼GD association½ ;kstuk ij
vk/kkfjr gSA

çFke i)fr% eku yhft, v=mn; m  2, n=4] nks&oxZ
lewg foHkkT; lgp;Z ;kstuk ij ifjHkkf"kr mipkj tks
fuEukuqlkj çnf'kZr gksrs gSa %

vc] lewg foHkkT; lgp;Z ;kstuk ds vk/kkj ij ,d nksgjh
uhfM+r vkaf'kd :i ls larqfyr viw.kZ [k.M vfHkdYiuk dk
fuekZ.k fuEufyf[kr çfØ;k dk mi;ksx djds fd;k tk
ldrk gSA

pj.k 1& ,d gh iafä ds lHkh mipkj ,d nwljs ds igys
lg;ksxh gSa vkSj blesa 4¼m&1½ vkdkj ds leku nwljs lg;ksxh
lfEefyr gSa ftudk mi;ksx lHkh laHkkfor la;kstuksa dks
cukus ds fy, fd;k tkrk gSA
pj.k 2& ;s la;kstu ;g lqfuf'pr djrs gSa fd çR;sd
mipkj dsoy vius nwljs lg;ksfx;ksa ds lkFk fcuk fdlh
tksM+h ds nksgjko ds vkrk gSA
pj.k 3& ;fn pkj mipkj] eku yhft,] ¼½ ,d
nwljs ds igys lg;ksxh gSa] rks muds nwljs lg;ksxh] ¼

yij(j(j))u= µ+i+ j+j(j)+j(jj))+j(jj))u ............(1)

1 m +1 2m+1 3m+1
2 m+2 2m+2 3m+2
- - - -
m 2m 3m 4m
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½ ekuk] tks vius Hkhrj Hkh igys lg;ksxh gSaA
pj.k 4& la;kstu ¼ ½] ¼½] ¼½ and ¼½ dks
mi&mi&[k.M ds :i esa ysa] ftuesa ls çR;sd dk vkdkj nks
gS] nks& nks mi&[k.Mksa dks foy; dj] çR;sd dks pkj vkdkjksa
¼½,oa  esa mi&[k.M cuk fn;k x;k gS]
fQj mUgsa vkdkj vkB dk ,d lqij [k.M 
 esa ys tk;k x;k blh çdkj] vU; laHkkfor
lqij [k.M  ,oa 
gSaA
pj.k 5& lHkh v ¾ 4m mipkjksa ds fy, pj.k 1 ls 4 dk
ikyu djrs gq,] v ¾ 4m] r ¾ 12¼m&1½] b

1
 ¾ 12¼m2½] b2

¾ 24¼m2½]

b
3
¾ 48¼m

2
½] k

1
¾ 8] k

2
¾ 4] k

3
¾ 2] 

11
¾ 12¼m-1½] 

12
¾4 ¼m&1½] 

21
¾

4¼m&1½] 
22
¾6] 

31
¾0] 

32
¾3 çkpyksa ds lkFk [kaMh;dj.k ds çR;sd

Lrj ij lewg foHkkT; lgp;Z ;kstuk ds vk/kkj ij ,d nksgjh

uhfM+r vkaf'kd :i ls larqfyr viw.kZ [k.M vfHkdYiuk çkIr
gksrh gSA
mnkgj.k& eku yhft, fd v ¾ 12 mipkjksa ds fy, m ¾ 3 vkSj
n ¾ 4 lewg foHkkT; lgp;Z ;kstuk ij ifjHkkf"kr gSa] vFkkZr]

vc i)fr dh çfØ;k ds vuqlkj] gesa lewg foHkkT; lgp;Z
;kstuk ds vk/kkj ij nksgjh uhfM+r vkaf'kd :i ls larqfyr
viw.kZ [k.M vfHkdYiuk feyrh gS] ftlesa vfHkdYiuk ds
çkpy]  rkk

k         gSaA
vfHkdYiuk dk foU;kl bl çdkj gSA

1 2 3 4
5 6 7 8
9 10 11 12

¿[¼1] 5½] ¼2] 6½], [¼3] 7½] ¼4 8½]À
¿[¼1] 9½] ¼2] 10½], [¼3] 11½] ¼4 12½]À
¿[¼5] 9½] ¼6] 10½], [¼7] 11½] ¼8 12½]À
¿[¼1] 6½] ¼2] 5½], [¼3] 8½] ¼4 7½]À
¿[¼1] 10½] ¼2] 9½], [¼3] 12½] ¼4 11½]À
¿[¼5] 10½] ¼6] 9½], [¼7] 12½] ¼8 11½]À
¿[¼1] 7½] ¼3] 5½], [¼2] 8½] ¼4 6½]À
¿[¼1] 11½] ¼3] 9½], [¼2] 12½] ¼4 10½]À
¿[¼5] 11½] ¼7] 9½], [¼6] 12½] ¼8 10½]À
¿[¼1] 8½] ¼4] 5½], [¼2] 7½] ¼3 6½]À
¿[¼1] 12½] ¼4] 9½], [¼2] 11½] ¼3 10½]À
¿[¼5] 12½] ¼8] 9½], [¼6] 11½] ¼7 10½]À
¿[¼1] 5½] ¼3] 7½], [¼2] 6½] ¼4 8½]À
¿[¼1] 9½] ¼3] 11½], [¼2] 10½] ¼4 12½]À
¿[¼5] 9½] ¼7] 11½], [¼6] 10½] ¼8 12½]À
¿[¼1] 6½] ¼3] 8½], [¼2] 5½] ¼4 7½]À
¿[¼1] 10½] ¼3] 12½], [¼2] 9½] ¼4 11½]À
¿[¼5] 10½] ¼7] 12½], [¼6] 9½] ¼8 11½]À
¿[¼1] 7½] ¼2] 8½], [¼3] 5½] ¼4 6½]À
¿[¼1] 11½] ¼2] 12½], [¼3] 9½] ¼4 10½]À
¿[¼5] 11½] ¼6] 12½], [¼7] 9½] ¼8 10½]À
¿[¼1] 8½] ¼2] 7½], [¼4] 5½] ¼3 6½]À
¿[¼1] 12½] ¼2] 11½], [¼4] 9½] ¼3 10½]À
¿[¼5] 12½] ¼6] 11½], [¼8] 9½] ¼7 10½]À
¿[¼1] 5½] ¼4] 8½], [¼2] 6½] ¼3 7½]À
¿[¼1] 9½] ¼4] 12½], [¼2] 10½] ¼3 11½]À
¿[¼5] 9½] ¼8] 12½], [¼6] 10½] ¼7 11½]À
¿[¼1] 6½] ¼4] 7½], [¼2] 5½] ¼3 8½]À
¿[¼1] 10½] ¼4] 11½], [¼2] 9½] ¼3 12½]À
¿[¼5] 10½] ¼8] 11½], [¼6] 9½] ¼7 12½]À
¿[¼1] 7½] ¼4] 6½], [¼3] 5½] ¼2 8½]À
¿[¼1] 11½] ¼4] 10½], [¼3] 9½] ¼2 12½]À
¿[¼5] 11½] ¼8] 10½], [¼7] 9½] ¼6 12½]À
¿[¼1] 8½] ¼3] 6½], [¼4] 5½] ¼2 7½]À
¿[¼1] 12½] ¼3] 10½], [(4] 9½] ¼2 11½]À
¿[¼5] 12½] ¼7] 10½], [¼8] 9½] ¼6 11½]À
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f}rh; i)fr% eku yhft, v ¾ mn mipkj vk;rkdkj
lgp;Z ;kstuk ij ifjHkkf"kr fd, x, gSa A lgp;Z ;kstuk ds
lkFk m  n lj.kh ij v ¾ mn¼n  4] m¾ n + 1½ mipkj dh
O;oLFkk dh xbZA

fuEufyf[kr pj.k nksgjh uhfM+r vkaf'kd :i ls larqfyr
viw.kZ [k.M vfHkdYiuk nsrs gSa A
1. çR;sd iafä Ri, Ri, i, ¾ ¼¼1½½m dks n vkdkj ds ,d
mi&[k.M ds :i esa ysaA
2. pquh xbZ iafä ¼Ri½ mipkjksa dks vuns[kk dj LraHk mipkjksa
dk mi;ksx djds n vkdkj ds mi&mi [k.M fy[ksa vkSj mUgsa
C1¼i½] C2¼i½]…] Cn¼i½ uke nsa A
3. bu n mi&mi [k.Mksa ij

¿[Ri] C1¼i½]] [C2¼i½] C3¼i½]À
¿[Ri] C1¼i½]] [C2¼i½] C4¼i½]À

çdkj dh fuf'pr iafä Ri ds lkFk larqfyr viw.kZ [k.M
vfHkdYiuk ¼v ¾ n] b] r,k ¾ 3] ½ ij fopkj djsa tks b  ̂[k.M nsrk gSA
4. fuf'pr iafä Ri ftlesa  çR;sd 4n vkdkj ds kb ¾ 3b
[k.M lfEefyr gSa] ds fy, k ¾ 3 ckj varjifjorZuh; LraHk ysaA

;g çfØ;k lHkh m iafä;ksa ds fy, vk;rkdkj lgp;Z
;kstuk ds vk/kkj ij] v= mn] v  4] r= 4nr] m= n + 1, n=
v, b1=3mb, b2=6mb, b3= 12mb, k1= 4n, k2= 2n, k3= n,
11= 3(n- b), 12= mr 13=12r,21=3b + n, 22= r
(3n-1), 23= 4r, 31=3b, 32= 3(n-1)r, 33= 0 çkpyksa ds
lkFk nksgjh uhfM+r vkaf'kd :i ls larqfyr viw.kZ [k.M
vfHkdYiuk cukus ds fy, ykxw dh tkrh gSA
mnkgj.k& eku yhft, fd v¾ 20 mipkjksa ds fy, m¾ 4
vkSj n¾ 5] vk;rkdkj lgp;Z ;kstuk ij ifjHkkf"kr gSa]
vFkkZr]

vc i)fr 2 dh çfØ;k ds vuqlkj] gesa v ¾ 20] n = 4] r¾ 48] m¾
5] n¾ 4] b1¾ 60] b2

¾ 120] b
3
¾ 240] k

1
¾ 16] k

2
¾ 8] k

3
¾ 4] 

11
¾ 36] 

12
¾

45] 
13
¾ 36] 

21
¾ 20] 

22
 ¾ 33] 

23
¾ 20] 

31
¾ 12] 

32
¾ 36] 

33
¾ 0 çkpyksa

ds lkFk vk;rkdkj lgp;Z ;kstuk ds vk/kkj ij nksgjh uhfM+r
vkaf'kd :i ls larqfyr viw.kZ [k.M vfHkdYiuk feyrh gSA

1 2 3 4 5
6 7 8 9 10
11 12 13 14 15
16 17 18 19 20

{[(1, 6, 11, 16), (2, 3, 4, 5)], [(7, 8, 9, 10), (12, 13, 14, 15)]}
{[(1, 6, 11, 16), (2, 3, 4, 5)], [(7, 8, 9, 10), (17, 18, 19, 20)]}
{[(1, 6, 11, 16), (2, 3, 4, 5)], [(12, 13, 14, 15), (17, 18, 19, 20)]}
{[(1, 6, 11, 16), (7, 8, 9, 10)], [(12, 13, 14, 15), (17, 18, 19, 20)]}
{[(1, 6, 11, 16), (7, 8, 9, 10)], [(2, 3, 4, 5), (12, 13, 14, 15)]}
{[(1, 6, 11, 16), (7, 8, 9, 10)], [(2, 3, 4, 5), (17, 18, 19, 20)]}
{[(1, 6, 11, 16), (12, 13, 14, 15)], [(2, 3, 4, 5), (17, 18, 19, 20)]}
{[(1, 6, 11, 16), (12, 13, 14, 15)], [(7, 8, 9, 10), (17, 18, 19, 20)]}
{[(1, 6, 11, 16), (12, 13, 14, 15)], [(2, 3, 4, 5), (7, 8, 9, 10)]}
{[(1, 6, 11, 16), (17, 18, 19, 20)], [(2, 3, 4, 5), (7, 8, 9, 10)]}
{[(1, 6, 11, 16), (17, 18, 19, 20)], [(2, 3, 4, 5), (12, 13, 14, 15)]}
{[(1, 6, 11, 16), (17, 18, 19, 20)], [(7, 8, 9, 10), (12, 13, 14, 15)]}
{[(2, 7, 12, 17), (1, 6, 11, 16)], [(3, 8, 13, 18), (4, 9, 14, 19)]}
{[(2, 7, 12, 17), (1, 6, 11, 16)], [(3, 8, 13, 18), (5, 10, 15, 20)]}
{[(2, 7, 12, 17), (1, 6, 11, 16)], [(4, 9, 14, 19), (5, 10, 15, 20)]}
{[(2, 7, 12, 17), (3, 8, 13, 18)], [(4, 9, 14, 19), (5, 10, 15, 20)]}
{[(2, 7, 12, 17), (3, 8, 13, 18)], [(1, 6, 11, 16), (4, 9, 14, 19)]}
{[(2, 7, 12, 17), (3, 8, 13, 18)], [(1, 6, 11, 16), (5, 10, 15, 20)]}
{[(2, 7, 12, 17), (4, 9, 14, 19)], [(1, 6, 11, 16), (5, 10, 15, 20)]}
{[(2, 7, 12, 17), (4, 9, 14, 19)], [(3, 8, 13, 18), (5, 10, 15, 20)]}
{[(2, 7, 12, 17), (4, 9, 14, 19)], [(3, 8, 13, 18), (1, 6, 11, 16)]}
{[(2, 7, 12, 17), (5, 10, 15, 20)], [(3, 8, 13, 18), (1, 6, 11, 16)]}
{[(2, 7, 12, 17), (5, 10, 15, 20)], [(4, 9, 14, 19), (1, 6, 11, 16)]}
{[(2, 7, 12, 17), (5, 10, 15, 20)], [(4, 9, 14, 19), (3, 8, 13, 18)]}
{[(3, 8, 13, 18), (1, 2, 4, 5)], [(6, 7, 9, 10), (11, 12, 14, 15)]}

Table Continue...
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ifjppk Z
lewg foHkkT; vkSj vk;rkdkj lgp;Z ;kstukvksa dk mi;ksx
djds nksgjh uhfM+r vkaf'kd :i ls larqfyr viw.kZ [k.M
vfHkdYiukvksa ds fuekZ.k ds fy, nks i)fr;k¡ çLrkfor dh
xbZ gSaA bu vfHkdYiukvksa dk fuekZ.k djuk vklku gS vkSj
;s çkpfyd la;kstuksa dh ,d foLr̀r Jà[kyk dks lfEefyr
djrh gSaA tc nks vfrfjä miæo dkjd ijh{k.kkRed
vfHkdYiuk ds [k.M ds Hkhrj inkuqØfer :i ls fufgr gksrs
gSa rc bUgsa ijh{k.kksa esa lalk/ku&cpr ds fodYi ds :i esa
mi;ksx fd;k tk ldrk gSA

{[(3, 8, 13, 18), (1, 2, 4, 5)], [(6, 7, 9, 10), (16, 17, 19, 20)]}
{[(3, 8, 13, 18), (1, 2, 4, 5)], [(11, 12, 14, 15), (16, 17, 19, 20)]}
{[(3, 8, 13, 18), (6, 7, 9, 10)], [(11, 12, 14, 15), (16, 17, 19, 20)]}
{[(3, 8, 13, 18), (6, 7, 9, 10)], [(1, 2, 4, 5), (11, 12, 14, 15)]}
{[(3, 8, 13, 18), (6, 7, 9, 10)], [(1, 2, 4, 5), (16, 17, 19, 20)]}
{[(3, 8, 13, 18), (11, 12, 14, 15)], [(1, 2, 4, 5), (16, 17, 19, 20)]}
{[(3, 8, 13, 18), (11, 12, 14, 15)], [(6, 7, 9, 10), (16, 17, 19, 20)]}
{[(3, 8, 13, 18), (11, 12, 14, 15)], [(1, 2, 4, 5), (6, 7, 9, 10)]}
{[(3, 8, 13, 18), (16, 17, 19, 20)], [(1, 2, 4, 5), (6, 7, 9, 10)]}
{[(3, 8, 13, 18), (16, 17, 19, 20)], [(1, 2, 4, 5), (11, 12, 14- 15)]}
{[(3, 8, 13, 18), (16, 17, 19, 20)], [(6, 7, 9, 10), (11, 12, 14, 15)]}
{[(4, 9, 14, 19), (1, 2, 3, 5)], [(6, 7, 8, 10), (11, 12, 13, 15)]}
{[(4, 9, 14, 19), (1, 2, 3, 5)], [(6, 7, 8, 10), (16, 17, 18, 20)]}
{[(4, 9, 14, 19), (1, 2, 3, 5)], [(11, 12, 13, 15), (16, 17, 18, 20)]}
{[(4, 9, 14, 19), (6, 7, 8, 10)], [(11, 12, 13, 15), (16, 17, 18, 20)]}
{[(4, 9, 14, 19), (6, 7, 8, 10)], [(1, 2, 3, 5), (11, 12, 13, 15)]}
{[(4, 9, 14, 19), (6, 7, 8, 10)], [(1, 2, 3, 5), (16, 17, 18, 20)]}
{[(4, 9, 14, 19), (11, 12, 13, 15)], [(1, 2, 3, 5), (16, 17, 18, 20)]}
{[(4, 9, 14, 19), (11, 12, 13, 15)], [(6, 7, 8, 10), (16, 17, 18, 20)]}
{[(4, 9, 14, 19), (11, 12, 13, 15)], [(1, 2, 3, 5), (6, 7, 8, 10)]}
{[(4, 9, 14, 19), (16, 17, 18, 20)], [(1, 2, 3, 5), (6, 7, 8, 10)]}
{[(4, 9, 14, 19), (16, 17, 18, 20)], [(1, 2, 3, 5), (11, 12, 13, 15)]}
{[(4, 9, 14, 19), (16, 17, 18, 20)], [(6, 7, 8, 10), (11, 12, 13, 15)]}
{[(5, 10, 15, 20), (1, 2, 3, 4)], [(6, 7, 8, 9), (11, 12, 13, 14)]}
{[(5, 10, 15, 20), (1, 2, 3, 4)], [(6, 7, 8, 9), (16, 17, 18, 19)]}
{[(5, 10, 15, 20), (1, 2, 3, 4)], [(11, 12, 13, 14), (16, 17, 18, 19)]}
{[(5, 10, 15, 20), (6, 7, 8, 9)], [(11, 12, 13, 14), (16, 17, 18, 19)]}
{[(5, 10, 15, 20), (6, 7, 8, 9)], [(1, 2, 3, 4), (11, 12, 13, 14)]}
{[(5, 10, 15, 20), (6, 7, 8, 9)], [(1, 2, 3, 4), (16, 17, 18, 19)]}
{[(5, 10, 15, 20), (11, 12, 13, 14)], [(1, 2, 3, 4), (16, 17, 18, 19)]}
{[(5, 10, 15, 20), (11, 12, 13, 14)], [(6, 7, 8 9), (16, 17, 18, 19)]}
{[(5, 10, 15, 20), (11, 12, 13, 14)], [(1, 2, 3, 4), (6, 7, 8, 9)]}
{[(5, 10, 15, 20), (16, 17, 18, 19)], [(1, 2, 3, 4), (6, 7, 8, 9)]}
{[(5, 10, 15, 20), (16, 17, 18, 19)], [(1, 2, 3, 4), (11, 12, 13, 14)]}
{[(5, 10, 15, 20), (16, 17, 18, 19)], [(6, 7, 8, 9), (11, 12, 13, 14)]}

Table Continue...
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