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—f’k ijh{k.k gsrq xsjsps vfHkdYiuk
vk”kqrks’k nyky1]2] fluh oxhZl1] jktsaæ çlkn1] eks- gk:u1] ch-,u- eaMy3] nsosUæ dqekj1

lkjka”k
cM+s ijh{k.kkRed {ks= ls tqM+s {ks=h; ijh{k.kksa esa] ;|fi iafä vojks/ku vkSj LraHk vojks/ku nks fn”kkvksa esa varj dks idM+us ds fy, vPNs
gSa] ysfdu iFkjhys Hkkx ;k vU; fo”ks’krkvksa dks fpfàr djus ds fy, ugha tks l?ku {ks=ksa esa ,df=r gksrs gSaA fHkUurk ds bl vfrfjä
lzksr dks fu;af=r djus ds fy, xsjsps vfHkdYiuk ¼csgjsal] 1956½ dk mi;ksx dj ldrs gSaA xsjsps vfHkdYiuk lqMksdw oxksaZ dk
lkekU;hdj.k gS tgka v mipkjksa dks p iafä;ksa vkSj q LraHkksa vkSj s {ks=ksa esa bl çdkj ls O;ofLFkr fd;k tkrk gS fd çR;sd çrhd 1]-
----]n çR;sd iafä] çR;sd LraHk vkSj çR;sd {ks= esa vf/kdre ,d ckj gksrk gSA bl v/;;u esa xsjsps vfHkdYiukvksa dh lajpuk dh dqN
fof/k;ksa ij ppkZ dh xbZ gSA

“kCndqath% ySfVu oxZ vfHkdYiuk,¡] xsjsps vfHkdYiuk,¡] lqMksdw vfHkdYiuk,¡] vkaf”kd :i ls larqfyr viw.kZ [k.M ¼PBIB½ vfHkdYiuk,¡A
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ifjp;
—f’k ijh{k.kksa esa ijh{k.kkRed lkexzh esa fofHkUu fHkUurk,a
lfEefyr gksrh gSa ftUgsa ijh{k.kkRed bdkb;ksa dks vo#)
djus dh mfpr fofèk;ksa ls dkQh gn rd fu;af=r fd;k tk
ldrk gSA ijh{k.kkRed lkexzh esa fHkUurk ds nks xSj&
var%fØ;kRed lzksrksa dks vyx djus ds fy,] f} vojksèku ;k
f}&vk;keh vojksèku dk mi;ksx fd;k tkrk gSA f}&vk;keh
vojksèku okyh vfHkdYiukvksa dks iafä&LraHk vfHkdYiuk
dgk tkrk gS vkSj budk —f’k] ckxokuh vkSj i”kq ijh{k.kksa esa
O;kid vuqç;ksx gksrk gSA mnkgj.k ds fy,] fdlh —f’k
foKku ;k okfudh ijh{k.k esa cM+h la[;k esa ladj fdLeksa dh
rqyuk djuk vlkekU; ugÈ gS tks ,d cM+s ijh{k.kkRed {ks=
dh vksj ys tkrh gSa] vkSj nks yacor fn”kkvksa esa Hkwfe esa moZjrk
çof̀Ùk;ksa ds çHkkoksa dks è;ku esa j[kuk ;k lekIr djuk
egRoiw.kZ gks ldrk gSA ysfdu] cM+s ijh{k.kkRed {ks= ls tqM+s
{ks=h; ijh{k.kksa esa] iafä;k¡ vkSj LraHk nks fn”kkvksa esa varj dks
idM+us ds fy, vPNs gksrs gSa] ysfdu iFkjhys Hkkx ;k vU;
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fo”ks’krkvksa dks fpfàr djus ds fy, ugÈ] tks l?ku {ks=ksa esa
,df=r gksrs gSaA bl çdkj] iafä [k.Mksa vkSj LraHk [k.Mksa ds
vfrfjä] bu l?ku {ks=ksa ij Hkh fopkj djuk gksxk] tcfd
;kstuk dk çHkkoh <ax ls mi;ksx ;g lqfuf’pr djus ds fy,
fd;k tk ldrk gS fd mipkj ijh{k.kkRed Hkw[kaMksa okys {ks=
esa LFkkuh;—r fofoèkrkvksa esa vukòr gSa A xsjsps vfHkdYiuk,¡
ySfVu oxks± dh fo”ks’kKrk gS] ftlesa n×n fxzM gksrk gS ftls n

ABSTRACT
Background: In field trials involving large experimental area, though the row blocking and column blocking are good for capturing
differences in two directions, but not for marking out stony patches or other features that tend to clump in compact areas. One can
use Gerechte designs (Behrens, 1956) for controlling this extra source of variation. Gerechte designs are generalization of Sudoku
squares where v treatments are arranged in p rows and q columns and s regions in such a way that each of the symbols 1, …, n
occurs in each row, each column and each region at most once.
Methods: In this study, some unique methods of construction of Gerechte designs have been discussed. These are mainly
complete Gerechte designs.
Result: The obtained Gerechte designs are quite easy to construct and available for a wide parameter range.

Key words: Gerechte designs, Latin square designs, Partially balanced incomplete block (PBIB) designs, Sudoku designs.
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{ks=ksa S1, S2,…, Sn esa foHkkftr fd;k tkrk gS] ftuesa ls
çR;sd esa fxzM dh n dksf”kdk,¡ ¼cells½ gksrh  gSaA çrhd 1]
...., n dks fxzM dh dksf”kdkvksa esa bl rjg j[kk tkuk pkfg,
fd çR;sd çrhd çR;sd iafä esa ,d ckj] çR;sd LraHk esa ,d
ckj vkSj çR;sd {ks= esa ,d ckj vk,A csyh ,V vy- ¼1990]
1991½ us xsjsps fMt+kbuksa dk fo”ys’k.k fn;k tc =qfV;k¡ Lora=
FkÈ vkSj lkFk gh tc varj&çk;ksfxd fuHkZjrk ekStwn FkhA
csyh bR;kfn ¼2008½ us xsjsps vfHkdYiuk dks ifjHkkf’kr fd;k
vkSj mlds ckn] o‚u ¼2009½ us fxzM ds fn, x, foHkktu ds
fy, xsjsps vfHkdYiuk ds vfLrRo dh leL;k ij ppkZ dhA
dksÆV,y ,oa o‚u ¼2011½ us fn[kk;k fd lHkh èkukRed iw.kk±d
s vkSj r ds fy,] dksÃ Hkh xsjsps lajpuk] tgka çR;sd {ks= ;k
rks ,d s×r vk;r ;k r×s vk;r gS] lkdkj djus ;ksX; gSA

;|fi] bu vfHkdYiukvksa dh dsoy dqN gh Jsf.k;k¡
lkfgR; esa miyCèk gSaA vfèkd vuqç;ksx {kerk ds fy,]
fofHkUu ijh{k.kkRed fLFkfr;ksa esa fQV gksus ds fy, ,sls
vfHkdYiukvksa dh vfèkd Jsf.k;ksa dk fuekZ.k fd;k tkuk
pkfg,A dÃ ckj] l?ku {ks=ksa ;k {ks=ksa dk vkdkj leku ugÈ
gks ldrk gSA blfy,] vfu;fer {ks=ksa okyh vfHkdYiuk,¡
çkIr djuh gksaxhA xsjsps <kaps ds rgr vfHkdYiukvksa ds
fuekZ.k dh dqN fofèk;k¡ dqekj bR;kfn ¼2015,] ch½ }kjk
fodflr fd, xÃ Fkh vkSj i”kq ijh{k.k esa mudk egRo
fn[kk;k x;k FkkA

lqMksdw vfHkdYiuk] iw.kZ oxZ la[;k esa mipkjksa ds lkFk
xsjsps vfHkdYiuk ¼gqÃ&Mksax ,oa :&tsu] 2008( lqczef.k ,oa
iksUuqLokeh] 2009½ dk ,d fo”ks’k ekeyk cukrs gSaA xsjsps
vfHkdYiuk dh rjg] lqMksdw oxZ dh çR;sd iafä vkSj çR;sd
LraHk esa lHkh mipkj Bhd ,d ckj gksrs gSa vkSj bu oxks± dks
vkxs mi&oxks± esa foHkkftr fd;k tk ldrk gS] tSls fd
çR;sd mi&oxZ esa çR;sd mipkj Bhd ,d ckj gksrk gSA
QksaVkuk ¼2014½ us ySfVu oxks± vkSj lqMksdw vfHkdYiukvksa ds
leku ;k–fPNd çfrn”kks± ds fy, ,d ljy y?kqx.kdh;
¼algorithm½ fodflr fd;kA ljdkj ,oa flUgk ¼2015] 2016½
us lqMksdw oxks± dh xf.krh; fo”ks’krkvksa dk laf{kIr fooj.k
fn;k vkSj mUgsa ijh{k.kkRed vfHkdYiukvksa ds :i esa O;k[;k
dhA viw.kZ lqMksdw vfHkdYiuk,¡ mu fLFkfr;ksa dks iwjk djrh
gSa ftuesa lalkèku dh deh ds dkj.k çR;sd iafä ¼;k LraHk½
esa mipkj dh iw.kZ çfr—fr laHko ugÈ gS A ,sls ljf.k;ksa ds
iafä ¼LraHk½ ?kVd vfHkdYiuk,¡ vkaf’kd :i ls larqfyr
viw.kZ [k.M ¼PBIB½ vfHkdYiukvksa dh orZeku ¼;k uÃ gks

ldrh gS½ Jà[kyk dks tUe ns ldrh gSaA dkSj ,oa xxZ ¼2020½
us viw.kZ lqMksdw vfHkdYiukvksa ls xksykdkj vkaf”kd :i ls
larqfyr viw.kZ [k.M ¼PBIB½ vfHkdYiukvksa dh ,d ,slh
Jà[kyk ij ppkZ dhA bl ys[k esa] geus iw.kZ@viw.kZ {ks=ksa]
iafä;ksa vkSj LraHkksa ds lkFk xsjsps vfHkdYiukvksa dh lajpuk
dh dqN fofèk;ksa dk irk yxkus dk ç;kl fd;k gS vkSj {ks=ksa
dks [k.M] iafä;ksa dks [k.M vkSj LraHkksa dks [k.M ekurs gq, bu
vfHkdYiukvksa ls ?kVd vfHkdYiuk çkIr dhA ;s vfHkdYiuk,¡
orZeku fjfä;ksa dks Hkjus ds fy, NksVs vkSj dq”ky xsjsps
vfHkdYiuk,¡ gSaA

lajpuk fofèk
;gka ge Åij nh xÃ xsjsps vfHkdYiukvksa dh lajpuk dh nks
fofèk;ksa ds lkFk&lkFk mudh ?kVd vfHkdYiukvksa ij Hkh
ppkZ djsaxsA

çFke fofèk

çFke fofèk  dk mi;ksx djrs gq,] fdlh Hkh le la[;k n ds
fy,] iw.kZ iafä;ksa vkSj LraHkksa ds lkFk vfu;fer@fu;fer
vkdkj ds iw.kZ {ks=ksa ds lkFk xsjsps vfHkdYiukvksa dh J`a[kyk
vklkuh ls çkIr djuk lnSo laHko gksrk gSA

lfEefyr pj.k

• ,d iafä dks 1 ls çkjEHk djsa vkSj pØh; :i ls mYVs Øe
  esa 2 rd fodflr djsa vFkkZr 1] n] ¼n&1½].....] 2A
• LraHk ds vuqlkj pØh; :i ls c<+rs Øe esa vkSj oSdfYid
  :i ls mod¼n½] pØh; :i ls foijhr Øe esa fodflr
  djsaA
• igys LraHk ls çkjEHk djds] nks LraHkksa dks feykdj nks {ks=
  cuk, tk ldrs gSa] tSls fd çR;sd {ks= esa lHkh n mipkj
  fcYdqy ,d ckj gksa vkSj nksuksa {ks=ksa esa nksuksa LraHkksa ds rRo
  lfEefyr gksus pkfg,A
• ;g vfu;fer ds lkFk&lkFk fu;fer vkdkj ¼;fn fdlh
  {ks= esa nks LraHkksa ls leku la[;k esa rRo lfEefyr gSa½ {ks=ksa
  ds lkFk ,d xsjsps vfHkdYiuk çnku djsxkA

mnkgj.kkFkZ] mipkjksa dh la[;k n ¾ 8 ij fopkj djsaA
vc pj.kksa dk mi;ksx djds çkjafHkd iafä R1% 1] 8] 7]
6] 5] 4] 3] 2 ds :i esa çkIr dh tk ldrh gSA rnqijkUr
C1% 1] 2] 3] 4] 5 ] 6] 7] 8 [pØh; :i ls c<+rs Øe esa
mod¼n½]( C2% 8] 7] 6] 5] 4] 3] 2] 1 [mYVk pØh; Øe
mod¼n½]( vkSj blh çdkj] vkxs-------- vfu;fer vkdkj ds
iw.kZ {ks=A
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f}rh; fofèk
bl i)fr dk mi;ksx djds viw.kZ iafä;ksa@LraHkksa ysfdu iw.kZ
fu;fer vkdkj okys {ks=ksa ds lkFk xsjsps vfHkdYiuk,¡ çkIr
dh tk ldrh gSaA ;s vfHkdYiuk,¡ fdlh Hkh fefJr la[;k ds
mipkj n= p×q ds fy, çkIr dh tk ldrh  gSa] tgka] dksÃ
iw.kk±d p, q  2 bl çdkj fd n fdlh Hkh ¼p@2½ ;k ¼q@2½
ls foHkkT; gSA

lfEefyr pj.k%
• lHkh n rRoksa dks ,d p × q lj.kh esa çk—frd Øe esa bl
  çdkj fy[ksa fd q  pA
• rc lHkh laHkkfor LraHk ;qXe ysa vkSj ¼q@2½ × 2p dh ,d
  lj.kh cuk,aA
• vc iafä rRoksa dks bl rjg ls Qsjcny djsa fd lj.kh dks
  ¼q & 1½ Øe ds iw.kZ {ks=ksa ¼q@2½ × 2p@¼q&1½ esa foHkkftr
  fd;k tk lds] ftlesa çR;sd rRo dsoy ,d ckj fn[kkÃ
  nsrk gS vkSj çR;sd LraHk esa dksÃ Hkh rRo nksgjk;k ugÈ tkrk gSA
• rnqijkUr “ks’k {ks=ksa dks {ks=ksa ds Hkhrj iafä;ksa@LraHkksa dks
  ?kqekdj çkIr fd;k tkrk gSA

,d mnkgj.k ds :i esa ;fn ge n ¾ 4 × 3 ysrs gSa
vkSj uhps nh xÃ çfØ;k dks pj.k nj pj.k iwjk djrs gSa%+
• lcls igys rRoksa dks çk—frd Øe esa fy[kdj 4×3 dh ,d
lj.kh cuk,a

• vc ¼3@2½ × 8 cukus ds fy, lHkh laHkkfor LraHk ;qXe ysa

• bl lkj.kh ls uhps fn, x, ¼3 & 1½ ¾ 2 iw.kZ fu;fer
vkdkj ds {ks= çkIr dj ldrs gS%

• vc iw.kZ viw.kZ fu;fer vkdkj okys {ks= xsjsps vfHkdYiuk,¡
çkIr djus ds fy, bu vf}rh; LraHkksa dks {ks=ksa ds Hkhrj ?kqek,¡A
vafre fMt+kbu bl çdkj gksxk %

fu’d’k Z
xsjsps vfHkdYiuk dk mi;ksx rc fd;k tkrk gS tc ySfVu oxZ
vfHkdYiuk dh rqyuk esa ijh{k.kkRed lkexzh esa fHkUurk dk ,d
vfrfjä lzksr gksrk gSA {ks= loZnk xsjsps vfHkdYiuk ds fu;fer
vkdkj ds ugÈ gks ldrs gSaA bl lanHkZ esa] ge eq[; :i ls
fu;fer@vfu;fer vkdkj ds {ks=ksa ds lkFk dqN iw.kZ xsjsps
vfHkdYiuk çkIr djus ij è;ku dsafær djrs gSaA çLrkfor
vfHkdYiuk foLr̀r ekinaMksa ds fy, miyCèk gSa] ftudk mi;ksx
lalkèkuksa dh miyCèkrk ds vkèkkj ij fofHkUu fLFkfr;ksa esa fd;k tk
ldrk gSA lHkh fodflr vfHkdYiukvksa esa mPp n{krk ds dkjd
gksrs gSaA

fgrksa dk Vdjko

;g ?kks’k.kk dh tkrh gS fd dksÃ laHkkfor fgrksa dk Vdjko ugÈ gSA
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 C1 C2 C3 C4 C5 C6 C7 C8 
R1 1 8 7 6 5 4 3 2 
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